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The flow of two immiscible and incompressible fluids in a porous medium is 
described by a system of quasilinear degenerate partial differential equations. In 
this paper the existence of a weak solution by regularization is shown. 0 1984 
Academic Press, Inc. 
0. INTRODUCTION 
The basic equations, which describe the flow of two incompressible and 
immiscible fluids in a porous medium are (Bear 12, (9.3.25)]) 
4s2 - W2(sI)P~2 + e2N = 0, P-1) 
s, + s2 = 1, P2-PI =P,(sA in Q,, 
where s1 c R” is the region of the porous medium, IO, T[ the time interval 
and a, := 10, T[ x R. The indices 1 and 2 relate to the single fluids, for 
example, to water and oil, respectively. si stands for the saturation, pi for the 
hydrostatic pressure, Ki for the hydraulic conductivity, e, for a vector in x, 
direction which depends on (t, x), and finally pc for the capillary pressure. K, 
and pe are empiric functions of s,. Their possible qualitative behaviour is 
shown in Fig. 1 (Bear [2, Fig. 9.2.7a, 9.2.10, 9.3.11) and in Fig. 2 (Collins 
[4, Fig. 6-13]), respectively. 
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solutions of (0.1) satisfying the following initial and 
D 
Pl =P13 Px=PT on r2, 
vK,(Vp, + e,) = vK,(Vp, + ez) = 0 on r,, 
(O-2) 
where v is the outer normal of J2, ri = IO, T[ X 8iR, i = 1,2. so that a0 = 
a,aua,n, a,nna,a=0. 
s, = sy on {O}xL!. (0.3) 
In the literature one can find some papers dealing with the two phase 
problem. Glimm et al. [6] neglect he gravity term and the capillary pressure 
and so they obtain a system consisting of an elliptic and a hyperbolic partial 
differential equation, which they investigate in a numerical manner. Ford et 
al. [5] show that the problem can be written as a fixed-point equation in a 
certain Sobolev space. Cannon and Fasano [3] examine a problem with a 
free boundary which separates globally the two fluids. But in their model 





In this paper we shall show the existence of a weak solution of the system 
(0.1~(0.3) for functions K, and pC which are drawn in Figs. 1 and 2, respec- 
tively. The results are described in Section 1 and then proved in Section 2. 
1. EXISTENCE THEOREMS 
1.1. ASSUMPTIONS ON THE DATA. We assume that Q c R n is open, 
bounded, and connected with Lipschitz boundary. a$2 is measurable with 
2’n-‘(a2f2) > 0, 0 < T < co. Let 
TV- = {u E zP(Lq 1 u Ja2* = O}, 
V= L*(O, T, Y). 
For the data we assume (i = 1,2) 
pp E L2(0, T; H’J(Q)) n L”D(n,), 
alp7 E L’(0, T; L-+?)), 
sy E L’(R), 
Ki E CO([O, l]), K, + K, > const. > 0, 0 <K, < 1, Si E Lm(R,), PC locally 
Lipschitz continuous in ]a, b], p,(b) = 0, pf < 0 a.e. For a, b see Figs. 1 and 
2. 
1.2. DEFINITION OF A WEAK SOLUTION. We call (S,,pi)i,,,, a weak 
solution of (0.1~(0.3) if the following properties are fulfilled: p,, zi = 
IpoctsL) K, 0 p;’ E Lp(O, T; IYI’*~(R)) for some p > 1; 0 < si E Lm((O, T) X a), 
S1 + S* = 1, a,Si E V*, 




for all p E V we have 
jT@,s,,p)+jrj KI(sI)(V~I+el)V~=O 
0 0 a 
,f: @ts29 P> + joT j. [K2(sI)(V~I + e,) + W VP = 0 
and for all qEL’(0, T,Y)nH”‘(O, T,Lm(f2)) with cp(T)=O, 
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The system (0.1) degenerates at points where s, = a or s, = b. For 
regularizing (0.1) we replace K, by 
Kf := max(d,K,) on IF?, 
where we have to extend Ki constantly and continuously to all of I?. 
Furthermore we continue p;’ linearly and continuously with slope -1 to R. 
1.3. THEOREM (Existence for the regularization). We assume 1.1. Then 
for any 6 > 0 there exists a weak solution (~p,pF)~=,,~ of
a,$ - V(KW)(Vpf + e,)) = 0, 
8,s; - V(K$f)(Vpt + e2)) = 0, 
sf + s; = 1,p; -pT =p,(sf), s; > 0 in QT; 
P;=PCP:=P: on r2, 
(1.1) 
vK~(Vp, + e,) = vKf(Vp, + ez) = 0 on r,, 
s; = sy on {O}XQ. 
ProoJ We write the problem in terms of p2 and ~7 := -p&f) and apply 
the existence theorem of Alt and Luckhaus [I, Theorem 1.71. 
Now we will consider the limit behaviour of the solution of (1.1) for 6 + 0. 
The following results can be shown. 
1.4. THEOREM (Existence for the Dirichlet problem). Assume 1.1 and 
r *=0, 
a+q&sy <l on 0, 
a+eO<Pcl(P:-P:)< 1 on Tz 
for some E,, > 0 and Ki, e, are Lipschitz continuous on [a, a + ~~1, 
inf Ia,a+EO1 [piI > 0. Then there exist p, Ep: + V, s, E L”O(.Q,), a,s, E V*, 
pz, fi E L ‘(.t2,) such that for a subsequence 6 --t 0, 
P!-‘PI weakly inpy + V, 
+s, strongly in L*(Q,)for everyp < 00, 
a,$ -+ a*s, weakly in V*, (1.2) 
s 
P2’P2 weakly in L2(8,), 
@m VP; -f2 weakly in L2(0,), 
and s, , p1 is a weak solution of (0.1 t(0.3). 
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1.5. COROLLARY. Zf in addition to the assumptions of Theorem 1.4 we 
suppose that 
a + s0 Q sy < b - q, in Q, 
z-G1(ti-p%b-e,, on rz, 
K,,et Lipschitz on [b-eO, b], infu-EO,b, lpfl > 0, then pt+pz in pf + V 
weakly. 
1.6. THEOREM (Existence for the Dirichlet-Neumann problem). We 
assume 1.1 and for some E,, > 0, 
K,(s) -<L Is-a[’ 
afb 
I pf(s)l 
for aCs<-, 2 
K,(s)>cls-al“ 




with suitable constants c, L, K, then there is a weak solution sI,p, of 
(O.lt(0.3) such that 
P?-p,+O weakly in Lp(O, T, H1*P(SZ))for everyp < 2, 
s;+sl strongly in LP(J2,)for everyp < co. 
(1.2’) 
1.7. Remark. If pf grows at most polynomially in s, near a we have 
pt +p2 =p, +p,(sl) weakly in Lp(sZ,) for every p < 2. If also 





a+b for 2<s<b, 
then pf -pz + 0 weakly in Lp(O, T, H1*P(0)) for every p < 2. 
2. PROOFS 
Now we shall prove 1.4-1.6. The compactness of (sf), in Lp(D,) can be 
shown simultaneously for Theorems 1.4 and 1.6. This will be done in 
Lemmas 2.1-2.3. The proofs for the boundedness of (IVp,JltzcH1, are different 
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in the cases of the Dirichlet and the Dirichlet-Neumann problems. The main 
idea in the first case is, to show that 
a + E,, ,< sf < b - E, (2-l) 
uniformly for all 6 > 0 if the data have this property (see Lemma 2.5). In the 
second case this argument cannot be applied. Instead of it we show an 
estimate of 
(2.2) 
in terms of E, which is strong enough (see Lemma 2.7). Then (2.1) as well as 
(2.2) enable us to prove the desired estimate of 11 Vp, ~~LP~Hl,P~. 
In the following we shall always suppose the assumptions in 1.1. 
2.1. LEMMA. There are constants d,, C,, so that for all 0 < 6 < a,, we 
have 
1.r T (~~IVP~12+K~IVP~12)~C,, 0 R 
(2.3) 
T 
u- K;@(Pf)* I v4 I2 Q co, 0 0 
sup I B(sf(t, *)) < co, (2.4) lO,TI 0 
where B(s) := jfp,(r) dt. 
ProoJ The second estimate results from the first, since 
KfK$(p:)* Ivsf\‘=KfK; JV(pf -p;j* Q 2KfK;((Vpy + Ivp:l”). 
For proving the first estimate we test the first equation in (1.1) with pf - py, 
the second with pi -pf, and sum up the two equations. Among other terms 
we get 
t 
II 4SXPf -P3 + M(P; -P3 0 n 
= J-I r ~d(P,W -P&3)* 0 0 
In order to control it we apply Lemma 1.5 and Remark 1.2 of Alt and 
Luckhaus [l] with 
p(s) :=p, ‘(-s) - b. 
Executing this argument we prove the third estimate automatically. 
282 KROENERANDLUCKHAUS 
2.2. LEMMA. Let us define u’ := R(sf), where 
R(s) := j(;+b),2 vmz IPS 
Then there exists a constant C, , so that for all 6 E C?(Q) and all suflciently 
small 6 and h we have: 
ii R hT t;@;(t) - s:(t - h)N@) - us@ - h)) Q C,h IlKIluqnp (2.5) 
where g(z) := J”‘,(R - l(z) - R - l(s)) ds. 
Proof: First we notice that by Lemma 2.1, us E L’(O, T, H’(Q)). Now 
we test the first equation in (1.1) with 
c j;;;;::;‘T’ (us(r) - u”(t - h)) dz. 
This corresponds to integrating (1.1) multiplied by 
CW> - us@ - h)l ~t,t+,,W 
with respect o t, where x~,~+,, is the characteristic function of It, t + h[. Since 
we have 
T ~(x)(s;(x) - s;(z - h))(u’(t) - u”(z - h)) dz dx 
1 =- 
h 
j j’a,s:(t) c(x) $ jlih (u’(z) - u”(z - h)) dz dt dx, 
0 h t 
we estimate the right-hand side by using the differential equation and (2.3). 
So we get (2.5). 
For proving (2.6) we consider (2.4) and notice that we have 
g((hS) = I”’ 
(a + blf.2 
ds jc;+b,,2 d-- l&l 
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2.3. LEMMA. There exists a function s, E LP(R,) and a subsequence 
(6 + 0) such that 
for anyp < 00, and 
St -+ s, in Lp(J2,) 
a,$ --) ap, weakly in V*. 
Proof. On account of Lemma 2.1 there exists a function u E L*(O, T; 
II’*‘( with 
lP+u weakly in L’(0, T, H1V2(0)). 
Since we have also (2.5), (2.6), Lemma 1.9 of Alt and Luckhaus [l] yields 
the first assertion. The second results directly from the weak differential 
equation and Lemma 2.1. 
Now we are able to study the limit behaviour of the solution (sf,pf),= ,,2 
for 6 -+ 0. By the above we get 
2.4. COROLLARY. There are functions f;: E L*(a,) and Si E L”(f2,) for 
allp < 00, such that 3,~~ E L’(O, T, V*) i = 1,2 and for all c E V we have 
~r(a,S,,i)+~o~Cr,tK,e~)Vi=O, i= 1,2, 
0 
and 
for all test functions p E L2(0, T; V) n H’,‘(O, T; L”O(Q)) with p(T) = 0. 
Now the difficulty is to see that there are functions pr with Vp, E L ‘(a,) 
and 
A = ml) VP*, i= 1,2. (2.7) 
For both the Dirichlet and the Dirichlet-Neumann problems, we shall derive 
a maximum principle, which allows us to solve (2.7). 
2.5. LEMMA. Let us suppose the assumptions of Theorem 1.4. Then we 
have for all suflciently small 6 
al := a t co < st < 1 on QT. 
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Proof: We shall show the estimate on the left. The first equation in (1.1) 
we test with 
(.rf -al)- := min($ -a,, 0) 
and get 
4 j (sf(t, -) - al)’ + I’ j (-p,)’ K;(Vs;)* + j’ j Kf vp; vsf 
A 0 A 0 A 
t - 51 div(Kfe,)(sf -a,)- = 0, (23) 0 A 
where A := {(t, x) 1 sf(t, x) < a,}. Now we add the two equations in (1.1) and 
choose 
(f(4) -f(d)- 
as a test function, where f(t) := 1; K@Y’)-’ and K6 = Kf + K:. It results 
I,’ jA Kf Vpt Vsf = j’j 
0 A 
(K$p” (Vsf)’ + div Rdf(sf) -f(a,))-, 
where R = Kfe, + Kfe,. Subtracting this equation from (2.8) we get for 
sufficiently small E and 6: 
+ 5, m -1 -al)* t j; I, C-P,)’ G (1 -S) W)’ 
<EC j’jA~~s:)*t~cj~jA(s:-~l)-*~ 
Since the coefficient of (Vsf)* in the second integrand is strictly positive, we 
obtain the assertion by using a Gronwall argument. The estimate on the right 
can be shown in a similar way. 
Now we can prove Theorem 1.4. 
2.6. Proof of The0re.m 1.4 and 1.5. In Lemma 2.3 we have already 
shown 
sf + s, in Lp(i2),p < co, 
and 
a,s; + ap, weakly in V*. 
The existence of f2 E L*(0,) and the convergence 
m VP: -+fz weakly in L*(Q,) 
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follows from Lemma 2.1. Because of Lemma 2.5 we have a + E,, < sf < 1. 
Lemma 2.1 means 
II VP: lIL2(Rr) 1< c, 
for a certain constant c”,, . Therefore there is a function pi E pf + V such that 
PSPl weakly in I’. 
For all 6 E IO, S,] we have pt =pf +p,(sf). Because of the boundedness of 
pc on [a,, b] we obtain 
P;+Pl +P&,)=:Pz weakly in L*(Q,). 
Now let us prove Corollary 1.5. Under the assumptions of Corollary 1.5 we 
can show in a way similar to that in Lemma 2.5 that 
a + E, ( sf < b - E, in R, 
for all 6 sufficiently small. This, because of Lemma 2.1, implies 
II VP%cn,, \ -Cc’,. 
So (2.7) can be solved for i = 2, too, and we get a weak solution of 
(0.1~(0.3). 
In the following we shall describe the proof for the Dirichlet-Neumann 
problem. In this case we cannot proceed as in the proof for the Dirichlet 
problem, since now it is not possible to integfate by parts the term 
‘I : A Wf(4 -f(aJ)- 
as in the proof of Lemma 2.5. Instead we establish 
principle. 
2.7. LEMMA. We assume (1.3), (1.4). Then 
E 1 3 c, ,*-*, C, such that for all E E IO, cl] we have 
CdW3 
the following maximum 
there exist constants 
Proof: We test the first equation in (1.1) withf,(sf - a), where 
f,(s) := 0 for 2s < s, 
:=s-2& for E Q s Q 2.s, 
.- .- -& for s < E. 
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Now we consider the sum of the two differential equations in (1.1) for testing 
it with f,,,, where 
I+) := Ifu+*),* K:$K; 
and 
f&) := 0 for p(2c + a) < s, 
:=s-p(2&+a) for p(c + a) < s & p(2e + a), 
:= -p(& + a) for s <P(E + a). 
Note that f6(sf - a) and f,,,@(sT)) are admissible testfunctions in V. We 
obtain 
+ j: I, [Kf V(pf -p$ + Kf Vpi + Kfe,]f:(sf - a) Vsf = 0 (2.9) 
II oT n [(Kf+KwP; 
+ Kf V(pf -pt) + Kfe, + K~e2]f;,,@(sf))p’(sf) Vsf = 0. (2.10) 
Since almost everywhere 
f:(sf -a) =f;,,@(sf)> =Xe<s:-o<2E=:X: 
and 
K":=K;+K;, 
(2.10) changes into 
T 
jj[ 0 n 
Kf Vp; + i%& V(p; -p;) + (K;: e1 + K$ez] xfvs; = 0. 
Subtracting this equation from (2.9) one obtains 
joTi, [a,s:f&-u)+ (K; -9) V(P:-I':)] vs:X: 
T 
= 
jj [ 0 n 
(,&) e, + (K$ e1 + K:;e2] . v&f 
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Now we apply Cauchy-Schwarz and get with 
The assumptions (1.4) yield 
for all 0 < t, Q t < T, E and S sufficiently small. C is independent of t, C, , E, 
and 6. If we write 
l&E, tl) := $ sup j ;r,<sf -a)@, -1, 
t<t, fJ 
(2.11) says for 0 < t, < t, < T, 
v/y.% tz) - V6(E, 4) < C(t, - 4) ww, tz>. 
Now it can be shown by induction that for all m, n E N and all sufficiently 
small h, E,, and 6, 
< (n + l)m-l(Ch)” @(so, mh). 
We set m = n/log n, h = t/m and get from (2.12) 
60 
v6 2”’ ( 1 t < n -cn*“(Ct)” @(&,, t), 
where c, --t 1 for n + 00. If E = eo/2” it results 
(2.12) 
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where the constants are independent of E and 6. Further integration with 
respect o t yields the assertion. 
2.8. LEMMA. We assume (1.3), (1.4), (1.5). Then there exists a constant 
C,, such that for all S su~ciently small and 0 < p < 2, 
IIVPLn., G C6. 
ProoJ On account of Lemma 2.1 we obtain 
(2-P)/2 
< cpoi2 (Kf) -P/(2 -P) 
< cf2 
(II 
. . . + **a . sf2Eotn II sf< .s#Jta i 
The first integral is bounded uniformly in 6. The second can be estimated by 
means of Lemma 2.7 in the following way: 
2.9. Proof of Theorem 1.6. By virtue of Lemmas 2.1, 2.3, 2.8, 
Theorem 1.6 can be proved in a similar way as Theorem 1.4 in Proof 2.6. 
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